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POISSON COHOMOLOGY OF HOLOMORPHIC TORIC POISSON
MANIFOLDS. II.
WEI HONG
Abstract. In this paper, we give a description of holomorphic multi-vector fields on smooth
compact toric varieties, which generalizes Demazure’s result of holomorphic vector fields on toric
varieties. Based on the result, we compute the Poisson cohomology groups of holomorphic toric
Poisson manifolds, ı.e., toric varieties endowed with T -invariant holomorphic Poisson structures.
1. introduction
This paper is a sequel of [15]. It contains two main parts. The first part of this paper is devoted to
the study of holomorphic multi-vector fields on toric varieties. In [7], Demazure described all the
holomorphic vector fields on smooth compact toric varieties. In this paper, we give a description of
all holomorphic multi-vector fields on smooth compact toric varieties, which generalizes Demazure’s
results of holomorphic vector fields on toric varieties.
Recall that a toric variety [6] is an irreducible variety X such that
(1) T = (C∗)n is a Zariski open set of X ,
(2) the action of T = (C∗)n on itself extends to an action of T = (C∗)n on X .
Let N = Hom(C∗, T ) ∼= Zn and M = Hom(T,C∗). Then M ∼= HomZ(N,Z) and N ∼= HomZ(M,Z).
Toric varieties can be described by the lattice N ∼= Zn and a fan ∆ in NR = N ⊗Z R ∼= R
n. A toric
variety associated with (∆, N) is denoted by X∆. One may consult [6], [9] and [22] for more details
of toric varieties.
Let X = X∆ be a smooth compact toric variety associated with a fan ∆ in NR. The T -action on X
induces a T -action on H0(X,∧kTX), the vector space of holomorphic k-vector fields on X . Denote
by V kI the weight space corresponding to the character I ∈M . We have
(1.1) H0(X,∧kTX) =
⊕
I∈M
V kI .
Since H0(X,∧kTX) is a finite dimensional vector space, there are only finite elements I ∈ M such
that V kI 6= 0.
The next theorem describes the holomorphic multi-vector fields on toric varieties. The vector space
V kI (∆) and the set Sk(∆), P∆(n− i) appearing in Theorem A are defined in Section 3.
Theorem (A). Let X = X∆ be a smooth compact toric variety associated with a fan ∆ in NR.
Key words and phrases. toric varieties, holomorphic multi-vector fields, holomorphic Poisson manifolds, Poisson
cohomology.
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(1) We have
(1.2) H0(X,∧kTX) =
⊕
I∈Sk(∆)
V kI (∆)
for all 0 ≤ k ≤ n, where V kI (∆) = V
k
−I for all I ∈ Sk(∆).
(2) We have
(1.3) dimH0(X,∧kTX) =
∑
0≤i≤k
∑
Fj∈P∆(n−i)
(
n− i
k − i
)
·#(int(Fj) ∩M)
for all 0 ≤ k ≤ n.
We give some comments for Theorem A:
• In the case of k = 1, the above theorem was proved by Demazure [7]. The set
R(N,∆) = S1(∆)\{0}
is called the root system for (N,∆).
• In the case of k = n, we have the well-known results
H0(X,∧nTX) ∼=
⊕
I∈P∆∩M
CχI ·Wn,
dimH0(X,∧nTX) = #(P∆ ∩M).
• The special case of X = CPn was proved in [15]. We would like to point out a sign mistake
in the Theorem 3.3 of [15], where V kI should be the weight space corresponding to the
character −I.
• If X is a toric Fano manifold, Equation (1.3) can be obtained by Theorem 3.6 in [20] since
∧kTX ∼= Ω
n−k
X ⊗ ∧
nTX .
The second part of this paper is devoted to the study of holomorphic Poisson manifolds, especially,
the computation of Poisson cohomology groups of T -invariant holomorphic Poisson structures on
toric varieties.
Recall that a holomorphic Poisson manifold is a complex manifold X equipped with a holomorphic
bivector field pi such that [pi, pi] = 0, where [·, ·] is the Schouten bracket. Holomorphic Poisson
manifolds are studied by many mathematicians from different viewpoints. The algebraic geometry
of Poisson manifolds was first studied by Bondal [1] and Polishchuk [23]. Deformation quantization
of Poisson varieties was studied by Kontsevich [17]. Hitchin [12–14] and Gualtieri [11] investigated
holomorphic Poisson manifolds as a special case of generalized complex manifolds. The relation of
holomorphic Poisson manifolds and Lie algebroids were revealed in [18]. And Poisson structures on
flag varieties were studied in [2, 10].
The Poisson cohomology groupsH•pi(X) of a holomorphic Poisson manifold (X,pi) is the cohomology
group of the complex of sheaves:
(1.4) OX
dpi−→ TX
dpi−→ .....
dpi−→ ∧i−1TX
dpi−→ ∧iTX
dpi−→ ∧i+1TX
dpi−→ ......
dpi−→ ∧nTX ,
where dpi = [pi, ·] and dimX = n. The Poisson cohomology groups of holomorphic Poisson manifolds
are computed in various situations [5, 15, 16, 21].
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In this paper, we compute the Poisson cohomology groups for holomorphic toric Poisson manifolds.
Recall that a holomorphic toric Poisson manifold [15] is a smooth toric variety X , endowed with
a T -invariant holomorphic Poisson structure pi on X , and pi is called a holomorphic toric Poisson
structure on X . The name "toric Poisson structures" comes from [4], where T -invariant (1, 1)-
type Poisson structures on toric varieties are studied. We also notice that T -invariant holomorphic
Poisson structures on the products of flag varieties are explored in [19].
Based on the results in Theorem A, we get the next theorem, which gives the Poisson cohomology
groups of holomorpic toric Poisson manifolds. The sets Spik (∆) and S
pi(∆, i) appearing in Theorem
B are defined in Section 4.
Theorem (B). Let X = X∆ be a smooth compact toric variety of dimension n and let pi be a
holomorphic toric Poisson structure on X. Assume that Hi(X,∧jTX) = 0 for all i > 0 and
0 ≤ j ≤ n.
(1) For 0 ≤ k ≤ n, we have
Hkpi(X)
∼=
⊕
I∈Spi
k
(∆)
V kI (∆).
Moreover,
dimHkpi(X) =
k∑
i=0
(
n− i
k − i
)
#Spi(∆, i).
(2) We have Hkpi(X) = 0 for k > n.
Theorem B generalizes the results in [15], where we compute the Poisson cohomology groups for
toric Poisson structures on CPn and Cn.
As an application of Theorem B, we have
Corollary (C). Let X = X∆ be a toric Fano manifolds and pi be a holomorphic toric Poisson
structure on X. Then the Poisson cohomology groups H•pi(X) is given by Theorem B.
There are many interesting questions for further study. For example, we can study the Gerstenhaber
algebra structures of holomorphic multi-vector fields on toric varieties, and the Gerstenhaber algebra
structures of the Poisson cohomology groups of holomorphic toric Poisson manifolds. The modular
class of holomorphic Poisson manifolds were studied in [3, 8]. A natural question is: when is a
holomorphic toric Poisson manifold unimodular? However, those will be left for future works.
The paper is organized in the following way. In Section 2, we recall some necessary results on toric
varieties and holomorphic Poisson manifolds. In Section 3, we first introduce some terminologies
and study their properties, then we prove Theorem A. In Section 4, we prove Theorem B and
Corollary C.
Acknowledgements We would like to thank Yu Qiao, Xiang Tang and Ping Xu for helpful dis-
cussions and comments.
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2. Preliminary
2.1. Toric varieties. Let X = X∆ be a smooth compact toric variety associated with a fan ∆ in
NR ∼= R
n. Recall that X∆ is smooth if and only if each cone σ ⊂ ∆ is smooth, ı.e., σ is generated
by a subset of a basis of N . And X∆ is compact if and only if
|∆| =
⋃
σ∈∆
σ = NR.
Denote by ∆(k) (0 ≤ k ≤ n) the set of all k-dimensional cones in ∆. Let Uσ ⊆ X∆ be the affine
variety associated with a cone σ ∈ ∆(n). Then we have X =
⋃
σ∈∆(n) Uσ. As X is smooth, we have
Uσ ∼= C
n for all σ ∈ ∆(n). Moreover, we have T ⊂ Uσ ⊂ X for all σ ∈ ∆(n).
Each element m in M gives rise to a character χm ∈ Hom(T,C∗), which can also be considered as
a rational function on X .
Let NC = N ⊗ZC. Since T ∼= N ⊗ZC
∗, we have Lie(T ) ∼= NC, where Lie(T ) denotes the Lie algebra
of T . We define a map ρ : NC → X(X) by
(2.1) ρ : NC = N ⊗Z C ∼= Lie(T )→ X(X),
where Lie(T )→ X(X) is defined by the infinitesimal action of the Lie algebra Lie(T ) on X . Since
the action map T × X → X is holomorphic, the images of ρ are holomorphic vector fields on X .
By abuse of notation, the induced maps
(2.2) ∧k NC → X
k(X)
are also denoted by ρ for 2 ≤ k ≤ n.
Let
(2.3) W = ρ(NC), W
k = ∧kW and W 0 = C.
Then W k is a subspace of H0(X,∧kTX). And the map ∧
kNC
ρ
−→W k is an isomorphism.
Lemma 2.1. Let X be a smooth toric variety. Let V kI be the weight space corresponding to the
character I ∈M for the T -action on H0(X,∧kTX).
(1) We have V k0 =W
k, where V k0 is the vector space consisting of all T -invariant holomorphic
k-vector fields on X.
(2) For any holomorphic k-vector field v ∈ V k−I , there exists a unique k-vector field w ∈ W
k,
such that
(2.4) v|T = χ
I · w|T ,
where v|T and χ
I · w|T are the restrictions of v and χ
I · w on T ⊆ X.
Proof. (1) By Equation (2.3), we have
(2.5) W ∼= Lie(T ) ∼= NC and W
k ∼= ∧kLie(T ) ∼= ∧kNC,
where ∧kLie(T ) can be considered as the vector space of the T -invariant vector fields on T .
For any holomorphic T -invariant k-vector field v ∈ V k0 , the restriction of v on T ⊆ X is
also T -invariant. Thus there exists a holomorphic k-vector field w ∈W k, such that
(2.6) v|T = w|T .
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Since v and w are holomorphic on X , and T is dense in X , by Equation (2.6), we have
v = w
on X . Hence we have V k0 ⊆W .
On the other hand, any w ∈ W k is a T -invariant holomorphic k-vector field on X . Hence
we have W k ⊆ V k0 .
By the arguments above, we have V k0 =W
k .
(2) For any holomorphic k-vector field v ∈ V k−I , we have
(2.7) t∗(v) = χ
−I(t) · v
for all t ∈ T , where t∗(v) is the induced action of t ∈ T on v ∈ H
0(X,∧kTX), and χ
−I(t)
is the value of χ−I at t ∈ T .
We will prove that χ−I · v|T is a T -invariant holomorphic k-vector field on T . For any
t ∈ T and p ∈ T ⊆ X , we have
(2.8) (t∗(χ
−I · v))(p) = χ−I(t−1 · p) · (t∗(v))(p).
By Equation (2.7), we have
(t∗(v))(p) = χ
−I(t) · v(p).
Since
χ−I(t−1 · p) = χ−I(t−1)χ−I(p) = χI(t)χ−I(p)
by Equation (2.8), we have
t∗(χ
−I · v)(p) = χ−I(p) · v(p) = (χ−I · v)(p)
for all t ∈ T and p ∈ T ⊆ X . Therefore χ−I · v|T is a T -invariant holomorphic k-vector
field on T . As a consequence, there exists w ∈W k such that
w|T = χ
−I · v|T ,
or equivalently,
v|T = χ
I · w|T .

By Lemma 2.1, any holomorphic k-vector fields v ∈ V k−I can be written as v = χ
I · w on T ⊆ X ,
where I ∈M and w ∈ W k. In general, v = χI · w is a meromorphic k-vector field on X . By abuse
of notations, if v = χI · w has moveable singularity on X , we also use v = χI · w to represent the
corresponding holomorphic k-vector field on X , and we say that v = χI ·w is holomorphic on X in
this paper.
We have the following lemma.
Lemma 2.2. Let X be a smooth toric variety. Let v = χI · w be a k-vector field on X, where
I ∈M and w ∈W k. Then v = χI · w ∈ V k−I if and only if v = χ
I · w is holomorphic on X.
Proof. (1) “⇐= ” For any w ∈W k and v = χI ·w, suppose that v is holomorphic on X . We
will show that v ∈ V k−I .
By the similar proof as in Lemma 2.1, we have
(2.9) t∗(v)|T = t∗(χ
I · w)|T = χ
−I(t)(χI · w)|T = χ
−I(t) · v|T
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for all t ∈ T . If v = χI · w is holomorphic on X , then t∗(v) and χ
−I(t) · v are both
holomorphic on X . Since T is dense in X , the Equation (2.9) implies that
(2.10) t∗(v) = χ
−I(t) · v
for all t ∈ T . Hence we have v ∈ V k−I .
(2) “ =⇒ ” If v = χI · w ∈ V k−I ⊆ H
0(X,∧kTX), then v is necessarily holomorphic on X .

2.2. Poisson cohomology groups and holomorphic toric Poisson manifolds. Let (X,pi)
be a holomorphic Poisson manifolds. The Poisson cohomology groups of (X,pi) are defined in
Equation (1.4). In general, the Poisson cohomology groups are difficult to compute. However,
the following lemmas give a way to compute the Poisson cohomology groups of some holomorphic
Poisson manifolds.
Lemma 2.3. [18] The Poisson cohomology of a holomorphic Poisson manifold (X,pi) is isomorphic
to the total cohomology of the double complex
...... ...... ......
dpi
x dpix dpix
Ω0,0(X,T 2,0X)
∂¯
−→ Ω0,1(X,T 2,0X)
∂¯
−→ Ω0,2(X,T 2,0X)
∂¯
−→ ......
dpi
x dpix dpix
Ω0,0(X,T 1,0X)
∂¯
−→ Ω0,1(X,T 1,0X)
∂¯
−→ Ω0,2(X,T 1,0X)
∂¯
−→ ......
dpi
x dpix dpix
Ω0,0(X,T 0,0X)
∂¯
−→ Ω0,1(X,T 0,0X)
∂¯
−→ Ω0,2(X,T 0,0X)
∂¯
−→ ......
By spectral sequence, we get the following lemma.
Lemma 2.4. [16] Let (X,pi) be a holomorphic Poisson manifold. If all the higher cohomology
groups Hi(X,∧jTX) vanish for i > 0, then the Poisson cohomology H
•
pi(X) is isomorphic to the
cohomology of the complex
(2.11) 0→ H0(X,OX)
dpi−→ H0(X,TX)
dpi−→ H0(X,∧2TX)
dpi−→ . . .
dpi−→ H0(X,∧nTX)→ 0,
where dpi = [pi, ·].
Let X = X∆ be a smooth toric variety associated with a fan ∆ in NR. It is natural to study the
T -invariant holomorphic Poisson structures, ı.e., the holomorphic toric Poisson structures on X .
The following proposition gives a description of all holomorphic toric Poisson structures on X .
Proposition 2.5. [15] Let X = X∆ be a smooth toric variety associated with a fan ∆ in NR.
Suppose that {e1, e2, . . . , en} is a basis of N ⊂ NC. Let vi = ρ(ei) (1 ≤ i ≤ n) be holomorphic
vector fields on X, where ρ : NC → X(X) is defined in Equation (2.1). Then pi is a holomorphic
toric Poisson structure on X if and only if pi can be written as
(2.12) pi =
∑
1≤i<j≤n
aijvi ∧ vj ,
where aij (1 ≤ i < j ≤ n) are complex constants.
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By Proposition 2.5, for any holomorphic toric Poisson structure pi, there exists a unique element
Π ∈ ∧2NC such that
ρ(Π) = pi.
If the holomorphic toric Poisson structure pi is given in Equation (2.12), then we have
(2.13) Π =
∑
1≤i<j≤n
aijei ∧ ej.
3. Holomorphic multi-vector fileds on toric varieties
3.1. Toric varieties, lattices and polytopes.
3.1.1. The polytope P∆ and the set S∆. Let X = X∆ be a smooth compact toric variety. Suppose
that αt (1 ≤ t ≤ r) are all one dimensional cones in ∆(1). Let e(αt) ∈ N (1 ≤ t ≤ r) be the
corresponding primitive elements, i.e., the unique generator of αt ∩N . Let
E(∆) = {e(α1), . . . , e(αr)}.
Let P∆ be the polytope in MR defined by
(3.1) P∆ =
⋂
αt∈∆(1)
{I ∈MR | 〈I, e(αt)〉 ≥ −1}.
Since X∆ is compact, we have |∆| = NR, thus P∆ is a compact polytope in MR. Let
S∆ = {I | I ∈M ∩ P∆}.
Then S∆ is a non-empty finite set and 0 ∈ S∆.
We denote by P∆(i) the set of all i-dimensional faces of the polytope P∆. Let
(3.2) S(∆, i) =
⋃
Fj∈P∆(n−i)
{I ∈ int(Fj) ∩M}
for 0 ≤ i ≤ n, where int(Fj) denotes the interior of Fj . Then we have
S(∆, i) ∩ S(∆, j) = ∅
for all 0 ≤ i 6= j ≤ n. Let
Sk(∆) =
⋃
0≤i≤k
S(∆, i)
for all 0 ≤ k ≤ n. Then we have
S0(∆) ⊆ S1(∆) ⊆ . . . ⊆ Sn(∆) = S∆
and
Sk+1(∆) = Sk(∆) ∪ S(∆, k + 1).
Lemma 3.1. Let X = X∆ be a smooth compact toric variety of dimension n. Then we have
S0(∆) = {0}.
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Proof. For any I ∈ S0(∆), we have
(3.3) 〈I, e(αt)〉 ≥ 0
for all αt ∈ ∆(1). Since X is compact, we have⋃
σ∈∆(n)
σ = NR.
Therefore for any x ∈ NR, there exists σ ∈ ∆(n), such that x ∈ σ. Since X is smooth, x ∈ σ can
be written as
(3.4) x =
∑
αt∈∆(1)∩σ
λte(αt), λt ≥ 0.
By Equation (3.3) and Equation (3.4), we have
〈I, x〉 ≥ 0
for all x ∈ NR, which implies I = 0. Hence S0(∆) = {0}. 
For any I ∈ S∆, there exists a unique face FI(∆) of P∆, such that I ∈ int(FI(∆)) ∩M . Let
EI(∆) = {e(αt) ∈ E(∆) | 〈I, e(αt)〉 = −1}.
Suppose that EI(∆) = {e(αs1), . . . e(αsl)}, where 1 ≤ s1 < . . . < sl ≤ r. Let F
⊥
I (∆) be a subspace
of NR defined by
F⊥I (∆) =
∑
1≤t≤l
R · e(αst).
We define
F⊥I (∆) = 0 if EI(∆) = ∅.
Then F⊥I (∆) can be considered as the normal space of FI(∆).
Lemma 3.2. (1) For any I ∈ S∆, the following statements are equivalent:
(a) I ∈ S(∆, i),
(b) FI(∆) ∈ P∆(n− i),
(c) dimF⊥I (∆) = i.
(2) For any I ∈ S∆, the following statements are equivalent:
(a) I ∈ Sk(∆),
(b) dimF⊥I (∆) ≤ k.
3.1.2. The polyhedron Pσ and the set Sσ. Let σ be a smooth cone of dimension n. Then σ can be
written as
σ =
n∑
t=1
R≥0 · et(σ),
where {e1(σ), . . . , en(σ)} is a Z-basis of N . Let
E(σ) = {e1(σ), . . . , en(σ)}.
Let Pσ be the polyhedron defined by
(3.5) Pσ = {I ∈MR | 〈I, et(σ)〉 ≥ −1 for all 1 ≤ t ≤ n}.
Let
Sσ = Pσ ∩M.
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We denote by Pσ(i) the set of all i-dimensional faces of the polyhedron P∆. Let
S(σ, i) =
⋃
Fj∈Pσ(n−i)
{I ∈ int(Fj) ∩M}
for 0 ≤ i ≤ n, where int(Fj) denotes the interior of Fj . Then we have
S(σ, i) ∩ S(σ, j) = ∅
for all 0 ≤ i 6= j ≤ n. Let
Sk(σ) =
⋃
0≤i≤k
S(σ, i)
for all 0 ≤ k ≤ n. Then we have
S0(σ) ⊆ S1(σ) ⊆ . . . ⊆ Sn(σ) = Sσ.
For any I ∈ Sσ, there exists a unique face FI(σ) of Pσ, such that I ∈ int(FI(σ)) ∩M . Let
EI(σ) = {et(σ) ∈ E(σ) | 〈I, et(σ)〉 = −1}.
Suppose that EI(σ) = {es1(σ), . . . esj (σ)}, where 1 ≤ s1 < . . . < sj ≤ n. Let F
⊥
I (σ) be a subspace
of NR defined by
F⊥I (σ) =
∑
1≤t≤j
R · est(σ).
And we define
F⊥I (σ) = 0 if EI(σ) = ∅.
Then F⊥I (σ) can be considered as the normal space of FI(σ).
Similar to Lemma 3.2, we have
Lemma 3.3. (1) For any I ∈ Sσ, the following statements are equivalent:
(a) I ∈ S(σ, j),
(b) FI(σ) ∈ Pσ(n− j),
(c) dimF⊥I (σ) = j,
(d) #EI(σ) = j.
(2) For any I ∈ Sσ, the following statements are equivalent:
(a) I ∈ Sk(σ),
(b) dimF⊥I (σ) ≤ k,
(c) #EI(σ) ≤ k.
Now we have the following proposition.
Proposition 3.4. Let X∆ be a smooth compact toric variety.
(1) We have
P∆ =
⋂
σ∈∆(n)
Pσ
and
S∆ =
⋂
σ∈∆(n)
Sσ.
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(2) For any σ ∈ ∆(n) and I ∈ P∆ ⊂ Pσ, F
⊥
I (σ) is a subspace of F
⊥(∆). Moreover, we have
F⊥I (∆) =
∑
σ∈∆(n)
F⊥I (σ).
(3) We have
Sk(∆) ⊆
⋂
σ∈∆(n)
Sk(σ).
Proof. (1) Since X∆ is a smooth compact toric variety, we have |∆| =
⋃
σ∈∆(n) |σ|. As a
consequence, we have⋃
σ∈∆(n)
{e1(σ), . . . , en(σ)} = {e(α1), . . . , e(αr)}.
By Equation (3.1) and Equation (3.5), we get that
P∆ =
⋂
σ∈∆(n)
Pσ.
Since S∆ = P∆ ∩M and Sσ = Pσ ∩M , we get that
S∆ =
⋂
σ∈∆(n)
Sσ.
(2) Since EI(σ) ⊆ EI(∆), we get that F
⊥
I (σ) is a subspace of F
⊥
I (∆). And by⋃
σ∈∆(n)
EI(σ) = EI(∆),
we get that F⊥I (∆) =
∑
σ∈∆(n) F
⊥
I (σ).
(3) For any I ∈ Sk(∆), by Lemma 3.2, we have
dimF⊥I (∆) ≤ k.
For any σ ∈ ∆(n), since F⊥I (σ) is a subspace of F
⊥
I (∆), we have
dimF⊥I (σ) ≤ dimF
⊥
I (∆) ≤ k.
By Lemma 3.3, we have I ∈ Sk(σ).
Therefore, we have
Sk(∆) ⊆ Sk(σ)
for all σ ∈ ∆(n). And consequently,
Sk(∆) ⊆
⋂
σ∈∆(n)
Sk(σ).

3.2. The vector space NkI (∆) and N
k
I (σ).
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3.2.1. The vector space NkI (∆). Let X∆ be a smooth compact toric variety of dimension n. For any
I ∈ S∆, since S∆ =
⋃
0≤i≤n S(∆, i), there exists a unique integer 0 ≤ i ≤ n, such that I ∈ S(∆, i).
We denote by |I∆| the integer i, ı.e., |I∆| = i. Then we have
(3.6) |I∆| = i⇐⇒ I ∈ S(∆, i).
Suppose that I ∈ int(FI(∆)) ∩M , by Lemma 3.2, we have FI(∆) ∈ P∆(n− i). And suppose that
EI(∆) = {e(αs1), . . . e(αsl)},
where 1 ≤ s1 < . . . < sl ≤ r. By Lemma 3.2, F
⊥
I (∆) =
∑
1≤t≤l R · e(αst) is a i-dimensional
subspace of NR. No loss of generality, suppose that {e(αs1), . . . , e(αsi)} ⊆ {e(αs1), . . . , e(αsl)} is a
basis of F⊥I (∆), where i ≤ l.
Let
EI(∆) = e(αs1) ∧ . . . ∧ e(αsi) ∈ ∧
|I∆|N.
Since {e(αs1), . . . , e(αsi)} is a basis of F
⊥
I (∆), we have
∧iF⊥I (∆) = R · EI(∆).
Thus EI(∆) is well defined up to a scalar if we choose different basis {e(αs1), . . . , e(αsi)} ⊆ EI(∆)
for F⊥I (∆).
Let NkI (∆) be the subspace of ∧
kNC (0 ≤ k ≤ n) defined by
NkI (∆) =
{
C · EI(∆) ∧ (∧
k−|I∆|NC) for |I∆| ≤ k,
0 for |I∆| > k.
The following lemma gives a description of the vector space NkI (∆).
Lemma 3.5. Let X∆ be a smooth compact toric variety. For any I ∈ S∆ and x ∈ ∧
kNC, the
following statements are equivalent:
(1) x ∈ NkI (∆),
(2) x ∧ e(αt) = 0 for all e(αt) ∈ EI(∆),
(3) x ∧ y = 0 for all y ∈ F⊥I (∆).
Proof. (a) For I ∈ S∆, in the case of |I∆| ≤ k, we suppose that 0 ≤ |I∆| = i ≤ k and
EI(∆) = e(αs1) ∧ . . . ∧ e(αsi) ∈ ∧
iN,
where {e(αs1), . . . , e(αsi)} is a basis of F
⊥
I (∆) ⊆ NC.
We extend {e(αs1), . . . , e(αsi)} to be a basis to NC, ı.e., suppose that
{e(αs1), . . . , e(αsi), f1, . . . , fn−i}
is a basis of NC. By some computations under the basis, we can prove Lemma 3.5. Here
we omit the detail.
(b) For I ∈ S∆, In the case of |I∆| > k, we have N
k
I (∆) = 0. Lemma 3.5 can be proved
similarly.

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3.2.2. The vector space NkI (σ). Let σ =
∑n
t=1 R≥0et(σ) be a smooth cone of dimension n, where
{e1(σ), . . . , en(σ)} is a Z-basis of N . Let Uσ ∼= C
n be the affine toric variety associated the cone σ.
Then we have Uσ ∼= C
n.
For any I ∈ Sσ, since Sσ =
⋃
0≤j≤n S(σ, j), there exists a unique integer 0 ≤ j ≤ n, such that
I ∈ S(σ, j). We denote by |Iσ| the integer j, ı.e., |Iσ | = j.
Suppose that
EI(σ) = {es1(σ), . . . , esj (σ)},
where 0 ≤ s1 < . . . < sj ≤ n.
Let
EI(σ) = es1(σ) ∧ . . . ∧ esj (σ) ∈ ∧
|Iσ |N.
Let NkI (σ) be the subspace of ∧
kNC defined by
NkI (σ) =
{
C · EI(σ) ∧ (∧
k−|Iσ |NC) for |Iσ| ≤ k,
0 for |Iσ| > k,
for all 0 ≤ k ≤ n.
Similar to Lemma 3.5, we have
Lemma 3.6. Let σ be a smooth cone of dimension n in NR. For any I ∈ Sσ and x ∈ ∧
kNC, the
following statements are equivalent:
(1) x ∈ NkI (σ),
(2) x ∧ et(σ) = 0 for all et(σ) ∈ EI(σ),
(3) x ∧ y = 0 for all y ∈ F⊥I (σ).
Remark 3.7. Lemma 3.6 is true in the case of |Iσ| > k, where N
k
I (σ) = 0.
Proposition 3.8. Let X∆ be a smooth compact toric variety associated with a fan ∆ in NR. For
all I ∈ S∆ =
⋂
σ∈∆(n) Sσ, we have
(3.7)
⋂
σ∈∆(n)
NkI (σ) = N
k
I (∆).
Especially, we have ⋂
σ∈∆(n)
NkI (σ) = 0 for all I ∈ S∆\Sk(∆).
Proof. Since |∆| =
⋃
σ∈∆(n) σ, we have
EI(∆) =
⋃
σ∈∆(n)
EI(σ).
By Lemma 3.6, x ∈ NkI (σ) if and only if x ∧ e(αt) = 0 for all e(αt) ∈ EI(σ). As a consequence,
x ∈
⋂
σ∈∆(n)
NkI (σ)
if and only if
x ∧ e(αt) = 0
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for all e(αt) ∈
⋃
σ∈∆(n)EI(σ) = EI(∆). By Lemma 3.5,
x ∧ e(αt) = 0
for all e(αt) ∈ EI(∆) if and only if
x ∈ NkI (∆).
Therefore, we have
(3.8)
⋂
σ∈∆(n)
NkI (σ) = N
k
I (∆).
For any I ∈ S∆\Sk(∆), we have |I∆| > k, which implies N
k
I (∆) = 0. By Equation (3.8), we have⋂
σ∈∆(n)
NkI (σ) = 0
for all I ∈ S∆\Sk(∆). 
Remark 3.9. By Proposition 3.8, NkI (∆) is a subspace of N
k
I (σ) for any σ ∈ ∆(n).
3.3. The vector spaces V kI (∆) and V
k
I (σ).
3.3.1. The vector space V kI (σ). Let σ be a smooth cone of dimension n in NR. Let Uσ
∼= Cn be the
affine variety associated with σ.
Let
W (σ) = {w|Uσ | w ∈W},
where w|Uσ is the restriction of the holomorphic vector field w on Uσ. Let
W k(σ) = {w|Uσ | w ∈W
k}.
Then W k(σ) is a subspace of H0(Uσ,∧
kTUσ). And we have W
k(σ) = ∧kW (σ) (0 ≤ k ≤ n).
For any I ∈ Sσ, let
VI(σ) = ρ(EI(σ))|Uσ ∈W
|Iσ |(σ).
And let
(3.9) W kI (σ) = ρ(N
k
I (σ))|Uσ =
{
C · VI(σ) ∧W
k−|Iσ |(σ) for |Iσ| ≤ k,
0 for |Iσ| > k,
for all 0 ≤ k ≤ n. Then W kI (σ) is a subspace of W
k(σ).
If σ is a smooth cone of dimension n in NR, then E(σ) is a Z-basis of N , and we have Uσ ∼= C
n.
By Lemma 5.1 in [15], we have
Lemma 3.10. Let σ be a smooth cone of dimension n in NR. Let v = χ
I ·w be a k-vector field on
Uσ, where I ∈M and w ∈W
k(σ) (w 6= 0). Then v = χI · w is holomorphic on Uσ if and only if
I ∈ Sk(σ) and w ∈W
k
I (σ).
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Let
V kI (σ) = χ
I ·W kI (σ) = {χ
I · w | w ∈ W k(σ)}.
By Lemma 3.10, for any I ∈ Sk(σ), elements in V
k
I (σ) are holomorphic k-vector fields on X . Hence
V kI (σ) can be considered a subspace of H
0(Uσ,∧
kTUσ) for any I ∈ Sk(σ).
For a smooth cone σ of dimension n inNR, the T -action on Uσ induces a T -action onH
0(Uσ,∧
kTUσ ).
We denote by V kI (Uσ) the weight space corresponding to the character I ∈M .
The following lemma also comes from Lemma 5.1 in [15].
Lemma 3.11. Let σ be a smooth cone of dimension n in NR. Let Uσ ∼= C
n be the affine toric
variety associated with the cone σ. Then we have
V k−I(Uσ) =
{
V kI (σ) for all I ∈ Sk(σ),
0 for all I ∈M\Sk(σ).
3.3.2. The vector space V kI (∆).
Lemma 3.12. Let X = X∆ be a compact smooth toric variety. Let v = χ
I ·ρ(x) be a k-vector field
on X, where I ∈M and x ∈ ∧kNC (x 6= 0). Then v is holomorphic on X if and if
x ∈ NkI (∆) and I ∈
⋂
σ∈∆(n)
Sk(σ).
Proof. Since X = ∪σ∈∆(n)Uσ, v = χ
I · ρ(x) is holomorphic on X if and only if v = χI · ρ(x) is
holomorphic on Uσ for all σ ∈ ∆(n). By Lemma 3.10, v = χ
I · ρ(x) is holomorphic on Uσ if and
only if I ∈ Sk(σ) and ρ(x) ∈W
k
I (σ). However, by Equation (3.9), we have
ρ(x) ∈W kI (σ)⇐⇒ x ∈ N
k
I (σ).
Thus v is holomorphic on X if and if
x ∈
⋂
σ∈∆(n)
NkI (σ) and I ∈
⋂
σ∈∆(n)
Sk(σ).

Let X = X∆ be a smooth compact toric variety of dimension n. Let
VI(∆) = ρ(EI(∆)) ∈ W
|I∆|
for I ∈ S∆. Let W
k
I (∆) (0 ≤ k ≤ n) be defined by
W kI (∆) = ρ(N
k
I (∆)) =
{
C · VI(∆) ∧W
k−|I∆| for |I∆| ≤ k,
0 for |I∆| > k.
Then W kI (∆) is a subspace of W
k. Let
V kI (∆) = χ
I ·W kI (∆) = {χ
I · w | w ∈ W kI (∆)}.
The elements in V kI (∆) are considered as meromorphic k-vector fields on X = X∆.
Lemma 3.13. Let X = X∆ be a smooth compact toric variety of dimension n. For all I ∈ Sk(∆),
any k-vector field in V kI (∆) is holomorphic on X.
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Proof. For any k-vector field v = χI · w ∈ V kI (∆), there exists x ∈ N
k
I (∆), such that w = ρ(x). By
Proposition 3.8, x ∈ NkI (∆) implies x ∈
⋂
σ∈∆(n)N
k
I (σ). By Proposition 3.4, I ∈ Sk(∆) implies
I ∈
⋂
σ∈∆(n) Sk(σ). By Lemma 3.12, v is holomorphic on X . 
By Lemma 3.13, V kI (∆) can be considered as a subspace of H
0(X,∧kTX).
Proposition 3.14. Let X = X∆ be a smooth compact toric variety of dimension n. Let V
k
I be the
weight space corresponding to the character I ∈M for the T -action on H0(X,∧kTX).
(1) We have
V k−I =
{
V kI (∆) for all I ∈ Sk(∆),
0 for all I ∈M\Sk(∆).
(2) For any I ∈ Sk(∆), we have
dimV kI (∆) =
(
n− |I∆|
k − |I∆|
)
.
Proof. (1) (a) We will prove here V k−I = V
k
I (∆) for all I ∈ Sk(∆).
By Lemma 2.1, any element v ∈ V k−I can be written as
v = χI · w,
where w ∈ W k. And by Lemma 2.2, v = χI · w ∈ V k−I if and only if v = χ
I · w is
holomorphic on X .
Suppose that w = ρ(x), where x ∈ ∧kNC. By Lemma 3.12, v is holomorphic on X if
and only if
(3.10) x ∈
⋂
σ∈∆(n)
NkI (σ) and I ∈
⋂
σ∈∆(n)
Sk(σ).
However, by Proposition 3.8, we have⋂
σ∈∆(n)
NkI (σ) = N
k
I (∆)
for all I ∈ Sk(∆). And by Proposition 3.4, I ∈ Sk(∆) implies
I ∈
⋂
σ∈∆(n)
Sk(σ).
As a consequence, for I ∈ Sk(∆), v = χ
I · ρ(x) is holomorphic on X if and only if
x ∈ NkI (∆),
which is equivalent to
v ∈ V kI (∆).
Hence we have V k−I = V
k
I (∆) for all I ∈ Sk(∆).
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(b) We will prove V k−I = 0 for all I /∈ Sk(∆).
By Proposition 3.4, we have
(3.11) Sk(∆) ⊆
⋂
σ∈∆(n)
Sk(σ).
As a consequence, for I /∈ Sk(∆), we have
I /∈
⋂
σ∈∆(n)
Sk(σ) or I ∈
⋂
σ∈∆(n)
Sk(σ)\Sk(∆).
By Lemma 2.1, any v ∈ V k−I can be written as v = χ
I ·w, where w ∈W k. By Lemma
2.2, v = χI · w ∈ V k−I if and only if v = χ
I · w is holomorphic on X . Suppose that
w = ρ(x), where x ∈ ∧kNC. Then v = χ
I · ρ(x). By Lemma 3.12, v = χI · ρ(x) (v 6= 0)
is holomorphic on X if and only if
(3.12) x ∈
⋂
σ∈∆(n)
NkI (σ) (x 6= 0) and I ∈
⋂
σ∈∆(n)
Sk(σ).
(i) For any I /∈
⋂
σ∈∆(n) Sk(σ), by Equation (3.12), we have
(3.13) V k−I = 0.
(ii) For any I ∈ (
⋂
σ∈∆(n) Sk(σ))\Sk(∆), by Proposition 3.4, we have
(3.14) I ∈ (
⋂
σ∈∆(n)
Sk(σ))\Sk(∆) ⊆ (
⋂
σ∈∆(n)
Sσ)\Sk(∆) = S∆\Sk(∆).
By Proposition 3.8 and Equation (3.14), we have
(3.15)
⋂
σ∈∆(n)
NkI (σ) = 0
for all I ∈ (
⋂
σ∈∆(n) Sk(σ))\Sk(∆). By Equation (3.12) and Equation (3.15), we
have
(3.16) V k−I = 0 for all I ∈ (
⋂
σ∈∆(n)
Sk(σ))\Sk(∆).
By Equation (3.11), Equation (3.13) and Equation (3.16), we have V k−I = 0 for I /∈
Sk(∆).
(2) For any I ∈ Sk(∆), we have 0 ≤ |I∆| ≤ k . Suppose that 0 ≤ |I∆| = i ≤ k, and suppose
that
EI(∆) = e(αs1) ∧ . . . ∧ e(αsi) ∈ ∧
iN,
where {e(αs1), . . . , e(αsi)} is a basis of F
⊥
I (∆) ⊆ NC.
We extend {e(αs1), . . . , e(αsi)} to be a basis to NC. Suppose that
{e(αs1), . . . , e(αsi), f1, . . . , fn−i}
is a basis of NC. Then
{ρ(e(αs1)), . . . , ρ(e(αsi)), ρ(f1), . . . , ρ(fn−i)}
is a basis of W . As a consequence,
{χI · ρ(EI(∆)) ∧ ρ(ft1) ∧ . . . ρ(ftk−i) | 1 ≤ t1 < . . . < tk−i ≤ n− i}
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is a basis of the vector space V kI (∆) = χ
I · ρ(EI(∆)) ∧W
k−i. Hence we have
dim V kI (∆) =
(
n− i
k − i
)
=
(
n− |I∆|
k − |I∆|
)
.

3.4. The proof of Theorem A.
Proof. (1) By Equation (1.1), we have
(3.17) H0(X,∧kTX) =
⊕
I∈M
V kI =
⊕
I∈M
V k−I
By Proposition 3.14, we have
(3.18) V k−I =
{
V kI (∆) for I ∈ Sk(∆),
0 for I /∈ Sk(∆).
By Equation (3.17) and Equation (3.18), we have
(3.19) H0(X,∧kTX) =
⊕
I∈Sk(∆)
V kI (∆)
(2) For any I ∈ S(∆, i), |I∆| = i, by Proposition 3.14, we have
(3.20) dim V kI (∆) =
(
n− i
k − i
)
.
By Equation (3.2), we have
(3.21) #S(∆, i) =
∑
Fj∈P∆(n−i)
#(int(Fj) ∩M).
By Equation (3.20) and Equation (3.21), we have
(3.22)
∑
I∈S(∆,i)
dim V kI (∆) =
∑
Fj∈P∆(n−i)
(
n− i
k − i
)
·#(int(Fj) ∩M)
Since Sk(∆) =
⋃k
i=0 S(∆, i), by Equation (3.19) and Equation (3.22), we have
dimH0(X,∧kTX) =
k∑
i=0
∑
I∈S(∆,i)
dim V kI (∆) =
k∑
i=0
∑
Fj∈P∆(n−i)
(
n− i
k − i
)
·#(int(Fj) ∩M).

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4. Poisson cohomology of holomorphic toric Poisson manifolds
4.1. Holomorphic toric Poisson manifolds and the set Spi∆. Let X = X∆ be a compact
smooth toric variety. Let pi be a holomorphic toric Poisson structure on X , and let Π ∈ ∧2NC be
defined as in Equation (2.13).
We consider the equation
(4.1) (ıIΠ) ∧ EI(∆) = 0
for all I ∈ S∆. For I ∈ S∆, Equation (4.1) is equivalent to
(4.2) ıIΠ ∈ F
⊥
I (∆)⊗ C.
Let
Spi∆ = {I ∈ S∆ | (ıIΠ) ∧ EI(∆) = 0},(4.3)
Spik (∆) = {I ∈ Sk(∆) | (ıIΠ) ∧ EI(∆) = 0},(4.4)
Spi(∆, k) = {I ∈ S(∆, k) | (ıIΠ) ∧ EI(∆) = 0}.(4.5)
Then we have
Spik (∆) =
⋃
0≤i≤k
Spi(∆, i)
for all 0 ≤ k ≤ n. Moreover, we have
Spi0 (∆) ⊆ S
pi
1 (∆) ⊆ . . . ⊆ S
pi
n(∆) = S
pi
∆.
By Lemme 2.1, we have S0(∆) = {0}, which implies
Spi0 (∆) = {0}.
For any I ∈ S(∆, n), since EI(∆) ∈ ∧
nNC, the equation
(ıIΠ) ∧ EI(∆) = 0
holds automatically. Thus we have
Spi(∆, n) = S(∆, n).
4.2. Lemmas for Theorem B. We give some lemmas here to prove Theorem B.
Lemma 4.1. Let X = X∆ be a smooth compact toric variety of dimension n and let pi be a
holomorphic toric Poisson structure on X. For I ∈ S∆, we have
[pi, χI · VI(∆) ∧ w] = ρ(ıIΠ) ∧ (χ
I · VI(∆) ∧ w) = χ
I · ρ((ıIΠ) ∧ EI(∆)) ∧ w,
where |I∆| ≤ k ≤ n and w ∈W
k−|I∆|.
The proof of Lemma 4.1 is the same as Lemma 4.4 in [15]. Here we skip it.
By Theorem A, we have
(4.6) H0(X,∧kTX) =
⊕
I∈Sk(∆)
V kI (∆).
For any I ∈ S∆\Sk(∆), since |I∆| > k, we have
(4.7) V kI (∆) = 0 for I ∈ S∆\Sk(∆).
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By Equation (4.6) and Equation (4.7), we get the following lemma.
Lemma 4.2. Let X = X∆ be a smooth compact toric variety of dimension n. We have
(4.8) H0(X,∧kTX) =
⊕
I∈S∆
V kI (∆)
for all 0 ≤ k ≤ n.
By Lemma 4.1 and Lemma 4.2, we have the following lemma.
Lemma 4.3. Let X = X∆ be a smooth compact toric variety of dimension n and let pi be a
holomorphic toric Poisson structure on X.
(1) For any I ∈ S∆ and v ∈ V
k
I (∆) (0 ≤ k ≤ n), we have
(4.9) dpiv = ρ(ıIΠ) ∧ v ∈ V
k+1
I (∆).
Therefore we have dpi(V
k
I (∆)) ⊆ V
k+1
I (∆).
(2) The chain complex
0→ H0(X,OX)
dpi−→ H0(X,TX)
dpi−→ H0(X,∧2TX)
dpi−→ . . .
dpi−→ H0(X,∧nTX)→ 0
splits to the direct sum of the sub-chain complex
(4.10) 0
dpi−→ V 0I (∆)
dpi−→ V 1I (∆)
dpi−→ V 2I (∆)
dpi−→ . . .
dpi−→ V nI (∆)→ 0
for all I ∈ S∆. The chain complex (4.10) can be written as
(4.11) 0→ . . .→ 0→ V
|I∆|
I (∆)
ρ(ıIΠ)∧·
−−−−−→ V
|I∆|+1
I (∆)
ρ(ıIΠ)∧·
−−−−−→ . . .
ρ(ıIΠ)∧·
−−−−−→ V nI (∆)→ 0
for all I ∈ S∆.
(3) The chain complex (4.11) is isomorphic to the chain complex
(4.12) 0→ . . .→ 0→ N
|I∆|
I (∆)
ıIΠ∧·−−−−→ N
|I∆|+1
I (∆)
ıIΠ∧·−−−−→ . . .
ıIΠ∧·−−−−→ NnI (∆)→ 0
for all I ∈ S∆.
Proof. (1) For any I ∈ S∆, if |I∆| > k, then we have V
k
I (∆) = V
k+1
I (∆) = 0. Thus in this
case, the conclusion holds automatically.
For any I ∈ S∆, if |I∆| ≤ k, then v ∈ V
k
I (∆) can be written as
v = χI · VI(∆) ∧ w,
where w ∈W k−|I∆|. By Lemma 4.1, we have
dpiv = ρ(ıIΠ) ∧ v = (−1)
|I∆|χI · VI(∆) ∧ (ρ(ıIΠ) ∧ w) ∈ V
k+1
I (∆).
Thus we have dpi(V
k
I (∆)) ⊆ V
k+1
I (∆).
(2) Since dpi(V
k
I (∆)) ⊆ V
k+1
I (∆), by Lemma 4.2 and Equation (4.9), the chain complex
0→ H0(X,OX)
dpi−→ H0(X,TX)
dpi−→ H0(X,∧2TX)
dpi−→ . . .
dpi−→ H0(X,∧nTX)→ 0
can split to the direct sum of the sub-chain complex
(4.13) 0
dpi−→ V 0I (∆)
dpi−→ V 1I (∆)
dpi−→ V 2I (∆)
dpi−→ . . .
dpi−→ V nI (∆)→ 0
for all I ∈ S∆. Since
dpiv = ρ(ıIΠ) ∧ v
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for all v ∈ V kI (∆), and since
V kI (∆) = 0
for all k < |I∆|, the chain complex (4.13) can be written as
0→ . . .→ 0→ V
|I∆|
I (∆)
ρ(ıIΠ)∧·
−−−−−→ V
|I∆|+1
I (∆)
ρ(ıIΠ)∧·
−−−−−→ . . .
ρ(ıIΠ)∧·
−−−−−→ V nI (∆)→ 0
for all I ∈ S∆.
(3) Since V kI (∆) = χ
I · ρ(NkI (∆), the chain complex (4.11) is isomorphic to the chian complex
(4.12) for all I ∈ S∆.

The following lemma is a generalization of the Lemma 4.6 in [15].
Lemma 4.4. Let X = X∆ be a smooth compact toric variety of dimension n and let pi be a
holomorphic toric Poisson structure on X.
(1) For any I ∈ Spik (∆) (0 ≤ k ≤ n), ı.e., I ∈ Sk(∆) satisfying (ıIΠ) ∧ EI = 0, we have
(4.14) dpi(ψ) = 0
for all ψ ∈ V kI (∆).
(2) For any I ∈ Sk(∆)\S
pi
k (∆) (1 ≤ k ≤ n), ı.e., I ∈ Sk(∆) satisfying (ıIΠ) ∧ EI 6= 0, if
ψ ∈ V kI (∆) satisfies
(4.15) dpi(ψ) = 0,
then there exists φ ∈ V k−1I (∆) such that
(4.16) ψ = dpi(φ).
Proof. (1) For I ∈ Spik (∆) ⊆ Sk(∆), we have |I∆| ≤ k. Any element ψ ∈ V
k
I (∆) can be written
as
ψ = χI · VI(∆) ∧ w = χ
I · ρ(EI(∆)) ∧ w,
where w ∈W k−|I∆|. By Lemma 4.3, we have
(4.17) dpi(ψ) = ρ(ıIΠ) ∧ ψ = χ
I · ρ(ıIΠ ∧ EI(∆)) ∧ w.
Since ıIΠ ∧ EI(∆) = 0, we have
dpi(ψ) = 0
for all I ∈ Spik (∆) (0 ≤ k ≤ n) and ψ ∈ V
k
I (∆).
(2) If ψ = 0 ∈ V kI (∆), then we can choose φ = 0 ∈ V
k−1
I (∆). Next we suppose that ψ ∈ V
k
I (∆)
satisfies ψ 6= 0.
(a) For I ∈ Sk(∆)\S
pi
k (∆), we have k ≥ |I∆| and (ıIΠ) ∧ EI(∆) 6= 0.
We first prove that for ψ ∈ V kI (∆) (ψ 6= 0), the Equation (4.15) implies
k > |I∆|.
By Lemma 4.1, we have
(4.18) dpi(χ
I · VI(∆)) = χ
Iρ(ıIΠ ∧ EI(∆)).
Since V
|I∆|
I = Cχ
I · VI(∆), the condition (ıIΠ)∧EI (∆) 6= 0 and Equation (4.18) imply
that for any ψ ∈ V
|I∆|
I (∆) (ψ 6= 0), we have dpi(ψ) 6= 0. Thus we get k > |I∆| if
dpi(ψ) = 0 for ψ ∈ V
k
I (∆) (ψ 6= 0).
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(b) Any element ψ ∈ V kI (∆) can be written as
(4.19) ψ = χI · ρ(EI(∆) ∧ x),
where x ∈ ∧k−|I∆|NC. By Lemma 4.1, we have
(4.20) dpi(ψ) = χ
I · ρ(ıIΠ ∧ EI(∆) ∧ x).
Suppose that
EI(∆) = e(αs1) ∧ . . . ∧ e(αsi) ∈ ∧
|I∆|N.
where {e(αs1), . . . , e(αsi)} is a basis of F
⊥
I (∆), and |I∆| = i.
For any I ∈ Sk(∆)\S
pi
k (∆), the condition
(ıIΠ) ∧ EI(∆) 6= 0
implies that {ıIΠ, e(αs1), . . . , e(αsi)} are C-linearly independent vectors in NC.
By Equation (4.20), dpi(ψ) = 0 implies
(4.21) ıIΠ ∧ EI(∆) ∧ x = ıIΠ ∧ e(αs1) ∧ . . . ∧ e(αsi) ∧ x = 0.
Since {ıIΠ, e(αs1), . . . , e(αsi)} are C-linearly independent vectors in NC, by Equation
(4.21) there exist x0, x1, . . . , xi ∈ ∧
k−|I∆|−1NC, such that
(4.22) x = ıIΠ ∧ x0 + e(αs1) ∧ x1 + . . .+ e(αsi) ∧ xi.
By Equation (4.19) and Equation (4.22), and with some computations, we have
(4.23) ψ = (−1)iρ(ıIΠ) ∧ (χ
I · ρ(EI(∆) ∧ x0)).
Let φ = (−1)iχI · ρ(EI(∆) ∧ x0) ∈ V
k−1
I (∆). By Equation (4.23) and Lemma 4.1, we
have
ψ = dpi(φ).

4.3. The proof of Theorem B.
Proof. By Lemma 2.4, the Poisson cohomology H•pi(X) is isomorphic to the cohomology of the
complex
(4.24) 0→ H0(X,OX)
dpi−→ H0(X,TX)
dpi−→ H0(X,∧2TX)
dpi−→ . . .
dpi−→ H0(X,∧nTX)→ 0.
(1) In the case of k = 0, by Equation (4.24), we have
H0pi(X)
∼= C.
Since Spi0 (∆) = S0(∆) = {0}, we have⊕
I∈Spi
0
(∆)
V 0I = V
0
0 (∆) = C.
Thus Theorem B is true in the case of k = 0.
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(2) In the case of 1 ≤ k ≤ n, by Lemma 4.3, the chain complex (4.24) can split to the direct
sum of the sub-chain complex
0
dpi−→ V 0I (∆)
dpi−→ V 1I (∆)
dpi−→ V 2I (∆)
dpi−→ . . .
dpi−→ V nI (∆)→ 0
for all I ∈ S∆. As a consequence, we have
(4.25) Hkpi(X)
∼=
⊕
I∈S∆
ker(V kI (∆)
dpi−→ V k+1I (∆))
Im(V k−1I (∆)
dpi−→ V kI (∆))
,
where V n+1I (∆) = 0.
(a) For any I ∈ S∆\Sk(∆), we have |I∆| > k, which implies
V kI (∆) = 0
for all I ∈ S∆\Sk(∆). Thus we have
(4.26)
ker(V kI (∆)
dpi−→ V k+1I (∆))
Im(V k−1I (∆)
dpi−→ V kI (∆))
= 0
for all I ∈ S∆\Sk(∆).
(b) For any I ∈ Sk(∆)\S
pi
k (∆), by Lemma 4.4, we have
ker(V kI (∆)
dpi−→ V k+1I (∆)) = Im(V
k−1
I (∆)
dpi−→ V kI (∆)).
Therefore
(4.27)
ker(V kI (∆)
dpi−→ V k+1I (∆))
Im(V k−1I (∆)
dpi−→ V kI (∆))
= 0
for all I ∈ Sk(∆)\S
pi
k (∆).
(c) For any I ∈ Spik (∆), by Lemma 4.4, we have
(4.28) ker(V kI (∆)
dpi−→ V k+1I (∆)) = V
k
I (∆).
(i) For any I ∈ Spik−1(∆), by Lemma 4.4, we have
(4.29) Im(V k−1I (∆)
dpi−→ V kI (∆)) = 0.
(ii) For any I ∈ Spik (∆)\S
pi
k−1(∆) = S
pi(∆, k), we have |I∆| = k > k − 1, which
implies V k−1I (∆) = 0. Hence we have
(4.30) Im(V k−1I (∆)
dpi−→ V kI (∆)) = 0
for all I ∈ Spik (∆)\S
pi
k−1(∆).
By Equation (4.29) and Equation (4.30), we have
(4.31) Im(V kI (∆)
dpi−→ V k+1I (∆)) = 0
for all I ∈ Spik (∆). By Equation (4.28) and Equation (4.31), we have
(4.32)
ker(V kI (∆)
dpi−→ V k+1I (∆))
Im(V k−1I (∆)
dpi−→ V kI (∆))
= V kI (∆)
for all I ∈ Spik (∆).
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The combination of Equation (4.25), Equation (4.26), Equation (4.27) and Equation
(4.32) proves
(4.33) Hkpi(X)
∼=
⊕
I∈Spi
k
(∆)
V kI (∆)
for 1 ≤ k ≤ n.
(3) For any 0 ≤ k ≤ n, we have
(4.34) Spik (∆) =
k⋃
i=0
Spi(∆, i).
For any I ∈ Spi(∆, i), we have |I∆| = i. By Proposition 3.14, we have
(4.35) dim V kI (∆) =
(
n− i
k − i
)
.
By Equation (4.33), Equation (4.34) and Equation (4.35), we have
dimHkpi(X) =
k∑
i=0
(
n− i
k − i
)
#Spi(∆, i).
(4) In the case of k > n, Hkpi(X) = 0 comes directly from Equation (4.24).

4.4. The proof of Corollary C.
Lemma 4.5. [20] Let X be a smooth compact toric variety of dimension n, and L be an ample line
bundle on X. Then we have
Hi(X,ΩjX ⊗ L) = 0
for all i > 0 and 0 ≤ j ≤ n.
Proof of Corollary C
Proof. Since ∧jTX ∼= Ω
n−j
X ⊗ ∧
nTX , by Lemma 4.5, we have
Hi(X,∧jTX) ∼= H
i(X,Ωn−jX ⊗ ∧
nTX)
for all 0 ≤ j ≤ n. If X is a toric Fano manifold, then ∧nTX is ample. By Lemma 4.5, we have
Hi(X,∧jTX) = 0 for all i > 0 and 0 ≤ j ≤ n. As an application of Theorem B, we get Corollary
C. 
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